Abstract-This paper considers a mathematical model of a ring neural network with an even number of synaptically interacting elements. The model is a system of scalar nonlinear differential-difference equations, the right-hand sides of which depend on a large parameter. The unknown functions being contained in the system characterize membrane potentials of neurons. It is of interest to search within the system for special periodic solutions, so-called impulse-refractory modes. Functions with odd numbers of the impulse-refraction cycle have an asymptotically large burst and the functions with even numbers are asymptotically small. For this purpose, two substitutions are made sequentially, making it possible to study of a two-dimensional system of nonlinear differential-difference singularly perturbed equations with two delays instead of the initial system. Further, as the large parameter tends to infinity, the limiting object is defined, which is a relay system of equations with two delays. Using the step-by-step method, we prove that the solution of a relay system with an initial function from a suitable class is a periodic function with required properties. Then, using the Poincaré operator and the Schauder principle, the existence of a relaxation periodic solution of a two-dimensional singularly perturbed system is proven. To do this, we construct asymptotics of this solution, and then prove its closeness to the solution of the relay system. The exponential estimate of the Frechet derivative of the Poincaré operator implies uniqueness of the solution of a two-dimensional differential-difference system of equations with two delays in the constructed class of functions and is used to justify the exponential orbital stability of this solution. Furthermore, with the help of reverse replacement, the proven result is transferred to the original system.
PROBLEM STATEMENT
We consider a mathematical model of a ring chain of synaptically related neural type oscillators with even number of elements (see [1] ): (1) where are the normalized membrane potentials of neurons, is a fixed number, is the parameter determining the delay in the connection chain, , is the threshold value controlling the interaction, , terms simulate the synaptic connection. We assume that functions belong to class , where , and satisfy the conditions: (2) In [1] [2] [3] [4] [5] , for systems similar to (1) (with an arbitrary number of oscillators and without delay in the connection chain), the existence of discrete traveling waves is shown.
Let us pose the question regarding existence of a periodic solution of system (1) such that where function has periodic asymptotically high bursts, and function takes asymptotically small values for all . The latter means that the corresponding neuron is at rest, or, in other words, in a refractive state.
After introducing new variables, system (1) is written in the form of the following two-dimensional system with respect to unknown functions and : (4) In addition, as in papers [1, 4, [6] [7] [8] [9] [10] [11] , for convenience of the subsequent analysis, we make an exponential substitution (5) which converts (4) to system (6) where
. We note that, in view of properties (2), the following limit equations are satisfied
In view of exponential substitution (5), the problem for system (6) is to find a periodic relaxation mode such that changes sign, and is negative (separated from zero) for all .
2. RESEARCH PLAN The general scheme of the proof is given, for example, in [1, 5, [10] [11] [12] . To describe it, we need to introduce some notation.
Let us introduce two sets of functions. To this end, we fix positive constant , which will be found later (in section 4.1), and also fix constants , , , , and whose estimates will also be refined below (in section 3 and subsection 6.1). In addition, we fix parameter . We set (9)
As the set of initial functions of system (6), we consider set defined as (11) Note that this set is closed, bounded, and convex. By we denote the element of set , and by we denote the solution of system (6) with initial function such that
Suppose that equation (13) has at least two positive roots. Let us denote the second one by . Let us define Poincaré operator by equality (14) So, the plan of the proof is as follows. We establish asymptotic equalities uniform for ϕ and for and at various intervals of changing . They imply that with an appropriate choice of parameters , , , , and operator is defined on set and transforms it into itself. This makes it possible to use the well-known Schauder principle. Thus, the Poincaré operator has at least one fixed point and system (6) has a periodic solution with the asymptotics found. Then, the norm of the Frechet derivative of operator is estimated, which implies that it is contractive on set and so the fixed point in this set is unique. In addition, it follows from the estimate of the norm of the Frechet derivative that all multipliers of the corresponding cycle (except for two) are exponentially small, and hence the periodic solution is stable.
ASYMPTOTICS OF FUNCTION
Let us consider the first equation of system (6) . Taking into account a priori assumption and property (8) of function , we obtain
Here and below denotes a suitable positive constant the exact value of which is not important. Thus, function is found from equation (15) In paper [10] , the following equation with the initial function from set (9) was studied:
The equation differs from Eq. (15) by the exponentially small additive in the right-hand side. In paper [10] , the following assertion is proven. Theorem 1. There exists a sufficiently small number such that for all Eq. (16) admits exponentially orbitally stable relaxation cycle of period that satisfies limit relations
Here (18) and -periodic function is a solution of limiting relay equation
with initial function for and is given by equalities Note that in this case parameter σ meets the following restriction :
Acting in the same way as described in [10] , we find that on interval function has the same asymptotics as periodic solution of Eq. (16). Thus, the following is known about function : Lemma 1. Equation (15) with an arbitrary initial function from class (9) All remainders are uniform for ϕ.
Let us note that from the formulas of Lemma 1 it follows that for solution and root of Eq. (13) the estimates uniform for hold (24) 4. ASYMPTOTICS OF FUNCTION Consider the second equation of system (6) . Since (7), it has the following form (25)
A Study of the Limiting Relay Equation
First, we study the limiting for (25) relay equation:
We seek the -periodic solution (with the same period as solution (20) of Eq. (19)) negative for all . To study Eq. (26), we define a set of initial functions (27) where is a fixed positive constant from (10) to be found.
Let us prove the following claim. which ensures a decreasing of the exponent in the right-hand side of (30). Next, consider interval . Here, , therefore, taking into account (8) and by continuity of , on the considered interval we obtain Cauchy problem
From here
Thus, function is constructed on the period length interval under the assumption of its negativity.
Consider mapping given by the following equality:
Let us find as a fixed point of this mapping:
By virtue of the assumption that constant is positive, we obtain an additional restriction on parameters:
(33)
Note that the fulfillment of (33) automatically implies (31). Thus, condition (33) guarantees that the exponent decreases in the right-hand side of (30). This means that in order to fulfill a priori assumption , it suffices for value to be negative. The value is the maximum value of y 0 (t) on the interval of the -period length. Since retains its negativity, and value is found as a fixed point of mapping (32), then, continuing construction by the step method on intervals , ,
, we obtain -periodic function as a solution of Eq. (26).
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Since the quantity obtained on the right-hand side of (34) is always less than one in magnitude (for ), the solution of is asymptotically stable. Lemma 2 is proven.
Constructing the Asymptotics of the Solution of Eq. (25)
The construction of asymptotics of the solution will be carried out in steps along intervals of changing .
Let us fix parameter
We should consider five intervals (which do not intersect because of restrictions (21) imposed on ):
(1) ,
, (5) . Let us introduce the notation for the constant:
By properties (2) of functions and , we note that the corresponding improper integrals converge.
In addition, in order to describe the construction of asymptotics of the solution of Eq. (25), two functions are required:
(36) (37) They are similar to functions (22) introduced in [10] .
Let us formulate a statement describing the asymptotic behavior of functions (36) and (37) for and . Lemma 3. For functions and , the following asymptotic equalities hold:
Equalities (38) and (40) follow directly from properties (2) of function . To prove equality (39), we represent the integral on the right-hand side of (36) as a sum:
The first integral on the right-hand side after substitution is transformed into , which by (2) is equal to a finite number. For the second, taking into account properties (2), we obtain that 
( ) g u du u
Thus, for the integral on the right-hand side of (36), the following asymptotic representation holds: (42) where is the constant defined by equality (35).
Substituting (42) into formula (36) for function , we obtain:
In the equality obtained, coefficient coincides with the function on the right-hand side of Eq. (29) at . Hence the coefficient is equal to the derivative of function at point . Thus, the validity of formula (39) is established.
Expanding the integral from (41) in a similar way to a sum and using properties (2) of function , we obtain the asymptotic representation as :
Hence, considering the fact that , we obtain asymptotic formula (41) . Here belongs to interval , where, according to (12) , holds. This means that , therefore, taking into account conditions (2), we obtain Thus, taking into account (43), on the considered interval we get Cauchy problem whence for the solution we get formula (44) 2. Now consider interval at which the solution of the relay equation has a break. In this section, according to Lemma 1,  for some , therefore, on the current interval we get Cauchy problem (45) The solution of problem (45) will be sought in form (46) where function is given by (36), and here and below is the unknown remainder to be determined.
Let us prove that remainder is uniform for ϕ and and exponentially small. Substituting (46) and (36) into (45) and taking into account asymptotic property (38) of function from Lemma 3, we obtain the Cauchy problem for remainder :
Taking into account inequality (49) and that changes on an interval of length proportional to , we obtain asymptotics of the right-hand sides of Eqs. (47) and (48): (50) From the form of Cauchy problem (50) it follows that is uniform for ϕ, hence,
3. On the next interval we are dealing with Cauchy problem
We seek a solution in form (53) where, as before, is the remainder to be determined. Substituting (53) into (52), we see that the equation is transformed to form (54) and for the initial condition, taking into account asymptotic equality (39), we obtain We search for the solution in form (59) where function is described by formula (37), and is the next remainder to be determined. Expanding in a power series in and acting in the same way as in (2), for remainder we obtain asymptotic estimate , from which The form of the solution sought is:
(62) As in (3), we substitute (62) into (61), use asymptotic properties (41), and obtain the Cauchy problem for remainder , whose form implies its required smallness. So,
Thus, the asymptotics of solution with initial function (10) and (43) is constructed, and Lemma 4 is proven.
Let us note that the formulas of Lemma 4 imply that for solution the following estimates uniform for are satisfied:
5. FORMULATION OF THE MAIN RESULT Let us now turn to formulation of the main result of this paper. Theorem 2. For each , for which the following inequality holds
, ϕ = + ε + + ε ∈ + ε , + − ε .
, ϕ = − − − + ε + + + ε ∈ + + σ, + − σ . (1) the compressibility of operator , and hence the uniqueness of its fixed point and the corre-
CONCLUSIONS
In conclusion, as an example, we provide the image (Fig. 1 ) of the constructed mode of system (6) for functions and the following values of parameters: , , , , and . Summing up, we note that, with allowance for exponential substitution (5), Theorem 2 proves the existence for system (4) of a periodic exponentially orbitally stable impulse-refractory mode, that is, a mode in which one of the functions, , contains an exponentially high burst on period, and the second, , is asymptotically small for all . And this, by virtue of substitution (3), means the presence of the corresponding impulse-refractory mode in system (1), in which the impulse functions have odd indices ( ), and the refractive ones have even indices ( ).
Let us also note that, by virtue of the symmetric occurrence of functions and in system (6), a theorem similar to Theorem 2 can be formulated for close to a negative function and for close to changing sign. It follows that a similar result can be obtained for impulse functions and refractory functions .
